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This paper presents a classification of all possible phase portraits of quadratic 
systems of differential equations with a singular point with two zero eigenvalues. 
The singular points include the fourth order saddle node, the third order point 
having an elliptic and a hyperbolic sector, the third order saddle point, and the 
second order cusp point. 0 1990 Academic Press, Inc. 
1. INTRODUCTION 
In a survey paper [S] on general properties of quadratic systems of dif- 
ferential equations in the plane Coppel states that what remains to be done 
is to determine all possible phase portraits of such systems, this being of 
great practical value. The present paper aims at giving a contribution in 
this direction. By a quadratic system is meant the system 
i = alJo + UlOX + a,, y + a*ox* + a,, xy + a02 y* = P(x, y), 
~=b~+b,,x+b,,y+b,,~~+b~~xy+6~2y*=Q(x, y), 
(1) 
for the functions x = x(l), y = y(t), where . = d/dt and Q, bqE R. 
Since quadratic systems without singular points in the finite part of the 
plane have been classified by Gasull, Sheng Li-Ren, and Llibre [8], we 
may assume that (1) has at least one singular point in the finite part of the 
plane and we may shift he origin into this point: uoo = boo = 0. Two limit- 
ing cases are then also classified: the linear case (uzo = a,i = uo2 = b,, = 
bi, = bo2 = 0) and the homogeneous case (a,, = uol = blo = b,, = 0) [6,8]. 
If both linear and quadratic terms are present a lot of work remains to be 
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done. If one or both eigenvalues in the singularity are zero, yet at least one 
linear term remains after transformation to the origin, a higher order 
singularity or multiple equilibrium point exists. 
In this paper systems with a higher order singular with two zero eigen- 
values are considered. Such higher order points were classified by Berlinskii 
[2], who makes use of other papers in Russian, which are not easily 
accessible. At present it is more convenient to use the classification of mul- 
tiple quilibrium points for analytic systems as given by Andronov et al. in 
Chapter 9 of their book [ 11, of which an English translation is available. 
Also, the notion of order of a singular point (or multiplicity of an equi- 
librium point) as used in [2] may be improved somewhat by using that, 
implicity present in the analysis given in [ 11. The results of a renewed 
classification [lo], however, agree with those given by Berlinskii (see also 
C41). 
If the higher order singular point is in the origin, the quadratic system 
may be brought into a normal form by an affine transformation. If both 
eigenvalues are zero this normal form reads [ 1, p. 3461 
f=y+ax*+bxy+cy*=P(x, y), 
j’ dx* + exy + fy’ = Q(x, y ). 
(2) 
The order of the singular point in the origin may be defined as the maxi- 
mum number of common zeros near the origin in the unfoldings of the 
functions P(x, y) and Q(x, y). This is the same as the maximum number 
of zeros of the unfolding of $(x) s Q{x, 4(x)}, where 4(x) is defined by 
P(x, 4(x)} = 0, satisfying 4(O) = d’(O) = 0; thus if $(x) = a,x” + . .., with 
a, # 0, n is the order of the singular point. On the basis of Theorems 66 
and 67 of Chapter 9 of [ 1 ] there are for (2) the following cases: 
(i) a fourth order saddle node, if a # 0, d = e = 0, f # 0; index 0, 
(ii) a third order point, having an elliptic and a hyperbolic sector, if 
ae>O, d=O; index 1, 
(iii) a third order saddle point, if ae < 0, d = 0; index - 1, 
(iv) a cusp point; the phase portrait is the union of two hyperbolic 
sectors and two separatrices, both tangent to the x-axis, if d #O, order 2; 
index 0. 
In all cases div{P(O, 0), Q(0, 0)} = 0. 
In the present paper the possible phase portraits are given for all quad- 
ratic systems with a higher order singularity having two zero eigenvalues. 
It should be noted that the classification n this paper is not complete in 
the sense that some global problems, such as the number of limit cycles and 
the relative position of separatrices, are not completely solved in all cases. 
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The phase portraits are characterized in the usual way: by the number, 
position, and character of the singular points; by the number and position 
of the periodic solutions; by the position of the separatrices and by the 
behavior at infinity. Standard arguments will be used, such as local 
linearization in singular points, if possible Dulac functions, integrating 
factors, continuity, and index arguments. For the investigation of singular 
points at infinity a slightly different transformation then given by Poincare 
will be used, by putting x=p(l-p))‘cos8, y=p(l--))‘sin# where 
0 d p < 1 and 0 < 8 < 2n. System (2) then becomes, with ~(1 - p)(d/df) = 
d/dz = . , 
where 
P = P2U - PI2 Bl(@ + P3U -PI C,(@, 
0 = P(l -P) B2(0) + P2C2W, 
(3) 
fzl(t?) = sin e cos e, B2(0) = -sin2 8, 
C,(8)=acos38+(b+d)sin8cos28+(c+e)sin28cos8+~sin38, 
C,(O) = d cos3 8 + (e-a) sin 8 cos2 8 + (f- 6) sin2 8 cos 0 - c sin’ 8. 
Singular points at infinity are then represented on p z 1 and appear in 
diametrically opposed pairs and are indicated in the present report by the 
value of 0 in the interval [0, n). If C,(e) $0, p = 1 consists of integral 
curves and possibly of singular points. In order to include such a curve into 
considerations using index theory, an extension of the usual Poincare index 
of a planar vector field will be adopted by regarding p E 1 as the limiting 
position of a closed curve near it [ 111. 
If C,(e) f 0, it can then be deduced that the sum of the indices of the 
singular points on p Q 1 is equal to 1, where for the index of a singular 
point on p = 1 only the vector field for p 6 1 is considered. 
2. QUADRATIC SYSTEMS WITH A FOURTH ORDER SADDLE NODE 
AND Two ZERO EIGENVALLJES 
If (0,O) is a fourth order saddle node with two zero eigenvalues, (2), 
with d = e = 0, af # 0 may be written-if necessary by applying an afftne 
transformation and/or a scaling of r-in the form 
i=y++*+1y2, 
j=y2, 
with 1 E R. 
172 P. DE JAGER 
FIG. 1. Fourth order saddle node. 
As illustrated in Fig. 1, the saddle node P,, in (0,O) consists of two 
hyperbolic sectors, separated by the positive x-axis, and a parabolic sector. 
One hyperbolic sector coincides with the half plane y > 0 and the other lies 
between the axis x>O and a separatrix tangent to this axis in P,. The 
integral curves in the parabolic sector are tangent to the negative x-axis 
in PO. 
Since there are no other singular points P, is the only possible candidate 
to be situated inside a periodic solution. However, such a periodic solution 
would have to intersect he x-axis, which is an integral curve. Thus, 
uniqueness makes a periodic solution impossible. From (3) follows that the 
singular points at infinity are given by 
C,(B)r(-cos20+sin0cos8-Lsin*@sin0=0, 
so that there is a point P, at 8 =0(n), and, for i < $, a point P, at 
8=arccot +(1-,/m), and a point P4 at 8=arccot f(l+dm); 
these two points coincide for 2 = a in the point P2 at 8 = arccot f. The 
character of these points may be found by local linearization and using 
Theorem 65 of Chapter 9 of [ 11. As a result it follows that P, and P, are 
nodes, P4 is a saddle point, and P2 a saddle node. If is further observed 
that from (4) follows that on POP3 and on POP4 (so also on PO P2) there 
is 8’ ~0; the continuity argument shows that the phase portraits are as 
given in Fig. 2. 
FIG. 2. Phase portraits with a fourth order saddle node. 
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FIG. 3. Third order point with elliptic sector. 
3. QUADRATIC SYSTEMS WITH A THIRD ORDER SINGULAR POINT 
WITH AN ELLIPTIC AND A HYPERBOLIC SECTOR 
If (0,O) is a third order singular point with an elliptic and hyperbolic 
sector, (2), with d = 0, ae > 0, may be written, if necessary by applying an 
affine transformation and/or a scaling of t, in the form 
.i = y + 1,x* + I,xy + A3 y* = P(x, y), 
= fax, Y), 
(5) 
p=xy 
with II, > 0, 1, E (0, 1 }, A3 E R. 
As may be seen in Fig. 3, the elliptic sector occurs in the lower half plane 
and the hyperbolic sector in the upper half plane. Obviously y z 0 consists 
of orbits of (5), and it seems that the horizontal axis separates the hyper- 
bolic sector from the other sector, as sketched in Fig. 3a. It appears, 
however, that the location of the separatrix needs a more detailed analysis 
and that a situation as in Fig. 3b also must be taken into consideration. 
Blowing up the singularity in (0,O) by means of the transformation 
y=wix, x=x, yields, from (5) 
f = 1,x* + xw1 + 1,x*w, + &x*w:, 
The behaviour of the integral curves of (5) in the first quadrant of the 
x, y-plane is reflected inthat of the curves of (6) in the first quadrant of the 
x, w,-plane, of which a qualitative sketch is given in Fig. 4. It is not dif- 
ficult o show that except along the X- and w,-axis, also in the direction 
w I = 4 ( 1 - 2L i )x, integral path(s) are approaching the singular point. 
Apart from a hyperbolic sector, a parabolic sector therefore xists in the 
first quadrant of the x, wi -plane and the x, y-plane if 0 < 1, < 4 and the 
separatrix configuration is then as in Fig. 3b. The 0-isocline [dw,/dx = 0] 
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FIG. 4. x, w,-plane in the neighbourhood of (0,O) of Eq. (6). 
approaches the origin along the line w, = (1 - 1,)x, as a result of which it 
is not certain, for $ < ii < 1, whether or not there is a parabolic sector in 
the first quadrant tangent to the x-axis. In order to answer this question a 
further “blow up” is needed. By the transformation wi = wx, x=x, (6), 
becomes 
or 
i=~1,x2+x2w+~2x3w+/13x4w2, 
l4=(1 -2~,)xw-2xw2-212x2w2-2;/3x3w3, 
(7) 
dw (1 - 211,) w - 2w2 - 21,xw2 - 21,x2wz -= 
dx 1 x+xw+II x2w+A x3w2 ’ 1 2 3 
(8) 
which shows that for I, 3 i, in the first quadrant there is dw/dx < 0 near 
the origin, as a result of which there will be no parabolic sector in the first 
quadrant of the x, w-plane, the x, w,-plane, and the x, y-plane for 1, Z i, 
and the separatrix configuration is as in Fig. 3a. 
System (5) has no limit cycles. In fact, it can be shown that for A2 = 1 
the system has no periodic solutions, since B(x, y) = Y-‘“‘-~ is a Dulac 
function yielding 
which is of constant sign in a half plane y 2 0. A periodic solution must 
then cross the x-axis, which is not possible since it consists of integral cur- 
ves. For I, = 0 the system is symmetric around the y-axis, which excludes 
limit cycles, since all possible singular points are on the y-axis and a limit 
cycle has to have a singular point in its interior. Another argument would 
be to use div(BP, BQ) - 0, when applying Green’s theorem to an annulus 
with a limit cycle as one of the boundary curves [ 111. For 1, = 0, the 
Dulac function acts as an integrating factor to yield the solutions 
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for+ l:y=Oand 
for I, =i: y=_Oand -2yln jy] +x2-2A3y2+I,y=0, II,ER, 
forA,=l: y=Oand 2y+x2-2&y21n IyI +A,y’=O, A,ElR, 
which also include the periodic solutions of (5) for 1, < 0 (see also [ 121). 
The character of the other finite singular point P, : (0, -A;‘) (for II, # 0) 
may be analyzed by local linearization a d using the symmetry for I, = 0. 
In order to determine the phase portraits of (5) we consider the cases 
A, = 0 and I, # 0 separately. 
Case A2 = 0. From (3) follows that the singular points at infinity are 
given by 
C,(O)= [(l-n,) cos2 8-1, sin* 01 sin 6. 
For I, = 1, A, = 0, all points on p z 1 are singular, or, if the factor (1 - p) 
is divided out in (4), ordinary points. In the x, y-plane the integral curves 
are tonics through P,. For (A,, A,) # (1, 0), C,(0) = 0 shows that there is 
a singular point P, at 8 = O(rc), and for I z A,( 1 - A,) ~’ > 0, a point P4 at 
8 = arccot -&, and a point P, at 8 = arccot &; these points coincide for 
A = 0 in point P3 at 8 = (n/2)(3n/2). 
TABLE I 
Portrait A,-$ 1,-l 1 A, P, P, P, P, P4 P, 
1 - + + Pwes* S S N N 
2 0, + - + + Pwes* S S N N 
3 0 + Pwes* S N* 
4 + - + Pwes* S N 
5 - 0 0 Pwes* S Pwes* 
6 0,+ - 0 0 Pwes * S Pwes* 
7 0 0 Pwes* 
8 + 0 0 Pwes* N S* 
9 - - - Pwes* C S 
10 o,+ - - - Pwes* C S 
11 0 - Pwes* C S* 
12 + + - Pwes* C N s s 
Note. C, center point; Pwes, point with an elliptic and hyperbolic sector; S, saddle point; 
N, node; SN, saddle node. 
* Higher order point. 
505/87/l-I2 
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FIG. 5. The (A,, &)-parameter plane for the case 1, = 0. 
FIG. 6. Phase portraits for the case I, = 0. 
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TABLE II 
Portrait ,I,-; I, - 1 & I P, P, P, P, P, Ps 
1 - + + 
2 0, + - + + 
3 0 + + 
4 + + + 
5 + + 0 
6 + + - 
7 - 0 + 
8 0, + - 0 + 
9 0 0 + 
10 + 0 + 
11 - - + 
12 o,+ - - + 
13 0 - + 
14 + -+ 
15 - - 0 
16 0, + - - 0 
17 - 
18 o,+ - - - 
pwes* 
Pwes* 
Pwes* 
Pwes* 
Pwes* 
Pwes* 
Pwes* 
Pwes* 
Pwes* 
Pwes* 
Pwes* 
Pwes* 
Pwes* 
Pwes* 
Pwes* 
S S N N 
s S N N 
S SN* SN* N 
S N S N 
S N SN* 
S N 
S N SN* 
S N SN* 
SN* SN* SN* 
N S SN* 
N,f S N S 
N,f S N S 
N,f SN* SN* S 
N,f N s s 
N,f S SN* 
N,f S SN* 
N,f S 
N,f S 
FIG. 7. The (A,, ,X,)-parameter plane for the case 1, = 1. 
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The character of these points may be found by local linearization and 
using Theorems 65, 66, and 67 of Chapter 9 of [ 11. The character of the 
singular points is listed in Table I and the phase portraits are indicated in 
the ( 3L i, &)-parameter plane in Fig. 5 and given in Fig. 6. It may be seen, 
that for A3 < 0, Eq. (5) has periodic solutions and the phase portraits may 
also be found in the classification of quadratic systems with a centre as 
given by Vulpe [ 121. 
1G 
17 
FIG. 8. Phase portraits for the case 1, = 1. 
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Case 1, = 1. From (3) follows that the singular points at infinity are 
given by 
C,(O) = [ (1 - A,) co? 8 - sin 8 cos 8 - & sin* 191 sin ~9 = 0, 
so there is a point P2 at 9 =O(rc), and, for J = 1 + 4&(1 -,J,)>O, a 
point P4 at 8=arccot -f(l+fi)(l,-1)-i and a point P, at 8= 
arccot -i(l - &)(J.i - 1))‘; these two points coincide for A=0 at point 
P3 at 8=arccot -;(;1i-- 1))‘. 
Moreover, for ii = 1, the point P, coincides with P2, and point P, is 
situated in 8 = arccot -1,. The character of these points may be found by 
local linearization a d using Theorem 65 of Chapter 9 of [ 11. The charac- 
ter of the singular points is listed in Table II and the phase portraits are 
indicated in the (Ai, &)-parameter plane in Fig. 7 and given in Fig. 8. 
4. QUADRATIC SYSTEMS WITH A THIRD ORDER SADDLE POINT 
AND Two ZERO EIGENVALUES 
If (0,O) is a third order saddle point with the zero eigenvalues, (2), with 
d = 0, ae < 0, may be written, if necessary by applying an afIine transforma- 
tion and/or.a scaling of t, in the form 
i = y + 1,x* + &xy + 1, y* = P(x, y), 
p=xy = Qk Y), 
(9) 
with 1i ~0, &E (0, l}, II, E R. 
As illustrated in Fig. 9, the saddle point in PO: (0,O) consists of four 
hyperbolic sectors eparated by four separatrices: the positive x-axis and a 
curved separatrix tangent to it in P,,, and the negative x-axis and a curved 
separatrix tangent to it in P,,; both curved separatrices lying in the upper 
half plane. 
FIG. 9. Third order saddle point. 
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TABLE III 
- 0 - S* C N 
0 0 0 s* N Pwes* 
+ 0 + s* S N N N 
+ 1 + s* S N N N 
+ 1 0 s* N N SN* 
+ 1 - S* N,f N N S 
0 1 - S* N,f N SN* 
- 1 - S* N,f N 
* Higher order point. 
As for the previous case it can be shown that (9) has no limit cycles by 
using the same Dulac function B(x, y) z y-211-1. For A2 =O, this Dulac 
function acts as an integrating factor to yield the solutions 
y=o and &+x2+ &y2+& ly12A1=o, LlER 
1 1 
which includes also the periodic solution of (9). 
The other finite singular point P,: (0, -2;‘) (for & #O) may be 
analyzed by local linearization a d using the symmetry for 1, = 0. 
From (3) follows that the singular points at infinity are given by 
C,(e) E [( 1 - I,) cos2 0 - AZ sin 0 cos f3 - A3 sin* 01 sin 8 = 0, 
FIG. 10. Phase portrait with a third order saddle point. 
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so that there is a point P2 at 8 = O(x), and, for i = 1: + 4&( 1 - 1,) > 0, a 
point P, at 8= arccot --:(A, +$)(A, - l)-‘, and a point P, at 8= 
arccot -$(A,--&)(A, - 1))‘; these two points coincide for 1=0 in the 
point P, at arccot -$&(A, - 1)-l. The character of these points may be 
found by local linearization and using Theorems 65, 66, and 67 of Chap- 
ter 9 of [ 11. The character of the singular points is listed in Table III and 
the phase portraits are given in Fig. 10. Use should be made of the 
argument that 8’ < 0 on P,P, and P, P, (and thereby on P, P3). 
It may be noted that a singularity with an elliptic and a hyperbolic 
sector occurs at infinity in phase portrait 2 of Fig. 10. In the same way as 
in Section 3 one may show, by blowing up the singularity, that the 
separatrices of the singular point with elliptic sector coincide with the 
equator of the Poincare sphere. 
5. QUADRATIC SYSTEMS WITH A CUSP POINT 
If (0,O) is a second order cusp point, system (2) with d # 0, may be 
written, if necessary by applying an affme transformation and/or scaling 
of t, in the form 
with u20, a,, 3 ~02, &I, bo,ER. 
As illustrated in Fig. 11 the cusp point P,(O, 0) consists of two hyper- 
FIG. 1 I. Second order cusp point. 
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bolic sectors, separated by two separatrices. These two separatrices are 
both tangent to the positive Z-axis in PO. In a neighborhood of P, the 
a-separatrix of P, lies in the first quadrant and the o-separatrix lies in the 
fourth quadrant. 
In order to determine the phase portraits of system (lo), the cases A = 
bf, - 4b02 < 0, A = 0, and A > 0 will be considered separately. If A < 0 the 
curve Q(Z, jj) = 0 only consists of the point (0,O) and system (10) has no 
finite singular points besides P,. If A = 0 the curve Q(Z, j) = 0 consists of 
two coinciding straight lines and system (10) may have one second order 
singular point besides P,. In the last case the curve Q(Z, j) = 0 consists of 
two straight lines and system (10) may have two first order singular points 
besides the point PO. 
The Case A < 0 
From (3) follows that the singular points at infinity for system (10) are 
given by 
C,(O) = cos3 B + (b,, - azO) co? 8 sin 8 
+ (bo2 - alI) cos 8 sin’ 8 -a,, sin3 0 = 0 (11) 
or equivalently cot3 8 + (b,, - azO) cot2 8 + (boz -all) cot 0 - ao2 = 0. 
Now three different cases may be distinguished. Case a: there is just one 
real solution cot 8 of Eq. (11). Case b: there are two different real solutions 
of (11); one of them is simple and the other one is double. Case c: Eq. ( 11) 
has three different real solutions. 
If the affine transformation 2 =x+ txy, v= y, where a is a properly 
chosen constant, is applied to (lo), there may be obtained 
f=y+l,x2+12,xy = w, Y), 
Jj= x2 + A3xy + 1, y2 = Q(x, y), 
(12) 
where 1,,1,,1,,1,~R and I:-41,<0. 
In fact we take the constant a = cot 0, where c1 is the unique solution of 
(11) in Case a, a is the double solution in Case b, and the middle one of 
the three solutions in Case c. From (11) then follows that the singular 
points at infinity of (12) are given by 
C2(8)=[cos28+(~3-~~)cos8sin~+(1,-~2)sin28]cos~=0. (13) 
For A < 0 system (12) has just one singular point in the finite part of the 
plane: the second order cusp point PO in (0,O). Since there are no other 
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TABLE IV 
Cased <O 
Case A,- I2 P, P3 P, P, 
a + CP* N 
it 
0 CP* N* 
CP* SN* N 
C CP* S N N 
Note. CP, cusp point; P,, 8= fa; P,, fn-c 
Bin; P,,O<ll<fn. 
* Higher order point. 
singular points in the finite part of the plane, PO is the only possible 
candidate to be situated inside a limit cycle. However, in a quadratic 
system a limit cycle has to surround a focus [5]. Thus for A < 0 there is 
no limit cycle. In order to investigate the singular points at infinity, Cases 
a, b, and c will be considered separately. 
Case a. Since there is one singular point at infinity (8= $r) there 
should be satisfied ither I, - 1, = 1, - AZ = 0 or (& - A,)2 - 4(1, - A,) < 0 
as follows from (13). 
Case b. Since the double singular point at infinity is at 0 = $71, it 
follows from (13) that 2, = A,. Since there is a second singular point at 
infinity at6 = arccot(1, -1,) we know that 1, -A, # 0 and without loss of 
generality we may assume that A1 - A, < 0. 
b.h,>O 
FIG. 12. Case A < 0. 
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Case c. Since the middle one of the three singular points at infinity is 
at 0 = $71, it follows from (13) that 1, - A4 > 0. Without loss of generality 
we may assume that Ai 3 0. Besides the singular point at 8 = $r the system 
has two other singular points at infinity at 8= arccot[i(I, -A,-&)] 
and at !9=arccot[i(Ai-&+$)I, where 3L=(A3-121)2-4(124-A2). 
The character of the singular points at infinity may be found by local 
linearization a d using Theorems 65, 66, and 67 of [ 11. The results of this 
analysis are listed in Table IV and the phase portraits are given in Fig. 12. 
For Cases b and c use should be made of the argument that as A, > 0, 
~=A,AF~ on the line x= -A;‘. 
The Case A = 0 
The singular points at infinity of system (10) are given by (11). Just as 
in the previous section we may apply the affrne transformation X=x + cly, 
j = y where c( is a properly chosen constant. System (10) then becomes 
f=y+11X2+12xy = fYx, Y), 
9' x2 + I,xy + A, y2 = Q(x, y), 
(14) 
where ~1,i2,i,,1,~R and I:-41,=0. 
From (11) follows that the singular points at infinity of (14) are given by 
C,(O) = [COS* 8 + (I, -1,) cos 8 sin 8 + (A, - A,) sin* e] cos 8 = 0. (15) 
Now the cases A3 = 0 and A3 # 0 will be considered separately. 
Case I: I,=0 
In this case holds A3 = I, = 0. We may achieve, by applying an affine 
transformation and scaling of t that A, >/ 0. 
System (14) has just one finite singular point: the cusp point PO. Since a 
TABLE V 
Case A = 0: Ia, b, c 
Case PO p, p, p5 
Ia &=A,=0 CP N* 
Ia 1:+42,<0 CP N* 
Ib I,=O,1,>0 CP SN* N 
IC I,>0 CP S* N N 
* Higher order point. 
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limit cycle has to surround a focus, it is obvious that the system has no 
limit cycles. 
Now the cases where system (14) has respectively one, two, or three 
singular points at infinity, will be considered separately in Ia, Ib, and Ic. 
Case Ia. Since there is one singular point at infinity at 8 = $ there 
should be satisfied ither Ai = A, = 0 or 1: + 41, < 0 as follows from (15). 
Case Ib. Since the double singular point at infinity is at 8 = ix, it 
follows from (15) that A,=O. Because there is a second point at infinite at 
8 = arccot it is clear that 1, > 0. 
Case Ic. Because the middle one of the three singular points at infinity 
is at 8 = $r, there follows from 15) that 1, > 0. The two other singular 
points are at 8 = arccot($A, + 4 1 A) and 0 = arccot(fA, - 4 a) where A= 
1: + 42,. 
The character of the singular points at infinity may be found by local 
linearization a d using Theorems 65, 66, and 67 of [ 11. The results of this 
analysis are listed in Table V and the phase portraits are given in Fig. 13. 
For Case Ib we notice that the separatrix of P, at 0 = $r intersects he 
negative x-axis in a point A. It is easy to show that the separatrix remains 
below the straight line from point A to the singular point at infinity in the 
first quadrant and above the a-separatrix of P,,, and thus will tend to the 
singular point at infinity in the first quadrant. 
For Case Ic we notice that as 1, > 0, along the line x = -1;’ holds 
i-=&l,‘. 
Now it can easily been seen that the phase portraits are as given in 
Fig. 13. 
Case II: A3 #O 
By a scaling of y and t system (10) may be put into the form 
i=y+;11x2+&xy = P(x, Y), 
J7= x2 - 2xy + y2 = Q(x, y). 
(16) 
FIG. 13. Case A =0: la, b, c. 
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TABLE VI 
Case d = 0: IIa 
Portrait 4 21,+1, P, P, P, 
1 1,+2=1,-l=O - - CP* SN* N* 
1 (&+2)*+4(&-l)<O - - CP* SN* N 
1 (I,+2)‘+4(&-l)<O 0 - CP* SN* N 
2 (1,+2)*+4(&--I)<0 + - CP* SN* N 
3 (1,+2)2+4(12-1)<0 + 0 CP* CP* N 
4 (&+2)*+4(&1)<0 + + CP* SN* N 
* Higher order point. 
Besides the cusp point P,, system (16) has a second finite singular point P, 
at ((-A,--&)‘, (-A,-&)‘) for A,+&#0 and no other finite singular 
point if Ii + A2 = 0. The character of this point may be analyzed by using 
Theorems 65, 66, and 67 of [l]. P, is a cusp point for 21, + I, = 0 and 
a second order saddle node for 21, + AZ ~0. The nodal part of this 
saddle node is stable for (21, + &)(A, + A,) > 0 and unstable for 
(2A, + &)(/I, + 1,) < 0. 
Since a limit cycle has to surround a focus it is clear that system (16) has 
no limit cycles. Now the cases where system (16) has respectively one, two, 
or three singular points at infinity, will be considered separately in IIa, IIb, 
and 11~. 
Case IIa. Since there is one singular point P3 at infinity there should 
be satisfied ither A, +2=1,- 1 =0 or (A, +2)2 +4(1,- 1) <O as follows 
from (15). The character of the singular points and the phase portraits are 
given in Table VI and Fig. 14. 
We note that in Fig. 14, phase portrait 2, the relative position of the 
cr-separatrix of P, and the o-separatrix of P, can be found in the following 
way: For small positive values of Ai, the position of the a-separatrix of P, 
in phase portrait 2 is close to that for AI = 0, as given 
Therefore it should tend to the nodal part of P,. 
in phase portrait 1. 
FIG. 14. Case d =0: lla. 
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TABLE VII 
Case d = 0: IIb 
Portrait k, PO p, p3 p4 
1 I,< -2 CP* SN* SN* N 
2 -2<1,<-1 CP* SN* SN* N 
3 1,=-l cp* SN* N* 
4 -I<&<-$ CP* SN* SN* N 
5 A,= -1 CP* CP* SN* N 
6 -;<1,<0 CP* SN* SN* N 
I 2, =0 CP* SN* SN* N 
8 0<1, CP* SN* SN* N 
* Higher order point. 
For small negative values of 21i + A2 this position is close to that for 
2A, + A2 = 0 as given in phase portrait 3 and therefore the a-separatrix 
should tend to P3. From the continuity of the vector field it may be con- 
cluded that the case in which the cc-separatrix of PO and the w-separatrix 
of P, coincide, also occurs. So all three relative positions of the 
separatrices, uggested in portrait 2 of Fig. 14, occur. 
Case IIb. Since the double singular point at infinity P, is at 8 = $c, it 
follows from (15) that A2 = 1. Since there is a second singular point P4 at 
8 = arccot(A, + 2) we know that 11, # -2. The character of the singular 
points and all phase portraits are given in Table VII and Fig. 15. 
FIG. 15. Case d = 0: 11 b 
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TABLE VIII 
Case d = 0: IIc 
Portrait 1, A,+& 21, +I, P, P, P, P, P, 
1 - - - CP* SN* S N N 
2 - 0 - cp* S N* N 
3 - + - CP* SN* S N N 
4 - + 0 CP* CP* S N N 
5 - + + CP* SN* S N N 
6 0 + + CP* SN* S N N 
I + + + CP* SN* S N N 
* Higher order point. 
We notice that the relative position of the cr-separatrix of P3 at 6 = 1 $z 
and the right w-separatrix of P, in phase portrait 6 cannot be found with 
standard arguments. Comparing phase portrait 6 with phase portraits 5
and 7, in the same way as in Case IIa, we may conclude that all three 
relative positions of the separatrices, uggested in phase portrait 6, occur. 
Case 11~. Since there are three different singular points at infinity 
and P3 at 8 = 4~ is the middle one, it follows from (15) that 2, > 1. Besides 
the point P3 there are two singular points P4 and P, at 8 = 
arccot($Ai+l+ifi) and at O=arccot(il,+l+ -$&) where I= 
(A, + 2)* + 4(& - 1). The character of the singular points and the phase 
portraits are given in Table VIII and Fig. 16. 
FIG. 16. Case A =0: llc. 
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s + - 
N +,o + 
F - f2, - 
C - 0 0 
FF - 0 f, - 
Point P, p2 
S + 
N - 
Note. FF, fine focus. 
Comparing phase portrait 5 with phase portraits 4 = 6 we notice that 
all three relative positions of the cr-separatrix of P, and the w-separatrix of 
P,, suggested in phase portrait 5, can occur. 
The Case A > 0 
The singular points at infinity of system (10) are given by (11). Just as 
in the last two sections we may apply the affrne transformation X=X + a~, 
j = y where CI is a properly chosen constant. Then by the scaling of x, y, 
and t, system (4) may be put into the form 
R=y+A1x2+&xy, 
lj= x2 + ZA,xy + (1: - 1) y2, 
(17) 
where A1 E R,+ and AZ, A3 E R. 
From (11) follows that the singular points at infinity of (17) are given by 
C,(O) = [cos’ 8 + (213 - A,) cos 8 sin 0 + (1: - 1 - A,) sin* f9] cos 6 = 0. 
(18) 
TABLE X 
Cased>O:a 
Point P, Ii-1 
s - 
SN* 0 
N + 
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Besides the cusp point PO system (17) can have up to two other finite 
singular points. Let Pi be (( 1 -A,) ~~1;l, PC’) for pi #O and let P2 be 
((-l-&)&‘,p;‘) for pL2#0, where ~l=(l-l,)(&(l,-l)-J,) and 
pZ = (- 1 -&)(n,(J., + 1)-n,). The character of these points may be 
found by local linearization as long as they are not a center in linear 
approximation. However, P, is a center in linear approximation for 
~~:-4~~<Oand~~=Owhere~~=((1-3L~)(2~~-2)+~~)~1~.Forfurther 
investigation one may use the four focal values as given in [3]. It then 
follows that PI is a center for A, + A3 = 0, a stable first order line focus for 
A, + & > 0, and an unstable first order fine focus for 1i + A3 < 0. 
If point P, is a node or a focus it is stable for p3 < 0 and unstable for 
pJ > 0. If P2 is a node it is stable for A3 > - 1 and unstable for A3 < - 1. 
The character of these points is listed in Table IX. 
According to [S], P, is the only candidate to be situated inside a limit 
cycle since this point is a (line) focus for certain values of the parameters. 
It is known that exactly one limit cycle is generated out of PI if it is a 
stable (unstable) fine focus and the parameters are varied in such a way 
FIG. 17. Case d >O: a. 
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that P, becomes an unstable (stable) focus. Then, if the parameters are 
varied further in such a way that P, becomes a node, the limit cycle must 
have disappeared. In [6] Coppel proves that a quadratic system with a 
cusp point has at most one simple limit cycle. This implies that the unique 
limit cycle generated out of P, remains the only one as long as it exists, 
and that the system has no limit cycles if P, is a line focus. The only way 
this limit cycle may disappear is by vanishing in a separatrix cycle. Numeri- 
cal calculations also indicate that the limit cycle disappears in a separatrix 
cycle, either formed by the separatrices ofthe saddle point P, (Case A > 0: 
a, b, c) or by the separatrices oftwo singular points at infinity (Case d > 0: 
b, cl. 
Now the case where system (17) has respectively one, two, or three 
singular points at infinity will be considered separately in a, b, and c. 
Case a. Since there is one singular point P3 at infinity at 0 = $7~ 
there should be satisfied either 1: -4&A, + 41, +4 < 0 or 2il, - A, = 
TABLE XI 
Case A > 0: a 
Portrait P, P, P, P, 
1 CP N S N 
2a CP N SN 
2b CP F SN 
2c CP FF SN 
3a CP N N S 
3b CP F N S 
3c CP FF N S 
4 CP N SN 
5 CP S N N 
6a CP N S N 
6b CP F S N 
6c CP FF S N 
7 CP F S N 
8 CP F S N 
9a CP N S N 
9b CP F S N 
9c CP FF S N 
10 CP C S N 
11 CP F S N 
12 CP F S N 
13 CP F SN 
14 CP F N S 
P3<0 
!J3=0 
P,<O 
p3=0 
PC,<0 
Lh=O 
P3<0 
P3<0 
I.%>0 
P3=0 
P3=0 
P,>O 
P,‘O 
lb>0 
PC,‘0 
Note. fi’1=(l-4)(4(1x-1)-12); pz=(-1-&)(&(1,+1)-n,); p3=((1-,13)x 
(2+2)+&)./l;‘. 
505/87/l-13 
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A: - A2 - 1 = 0. Although the phase portraits in the last case have one 
singular point at infinity, itwill be treated in Case b because the properties 
of system (17) are almost similar to the properties of system (17) in Case b. 
The character of singular point P3 at infinity is listed in Table X. For four 
different choices of J., the (A,, &)-parameter plane is given in Fig. 17. The 
phase portraits are indicated in Fig. 17, listed in Table XI, and drawn in 
Fig. 18. 
We note that in the portraits 2c, 3c, 6c, and 9c, P, is a first order line 
focus, which is stable in the portraits 2c, 3c, and 6c and unstable in por- 
trait 9c. If the parameters vary in such a way that PI becomes a focus and 
that the stability changes, exactly one limit cycle is generated out of PI 
(portraits 8, 12, 13, and 14). This limit cycle is stable in the portraits 12, 
13, and 14 and is unstable in portrait 8. If the parameters are continued to 
2ab.c 3ob.c 
FIG. 18. Case A >O: a. 
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vary in the same way, the limit cycle of portraits 8 and 12 seems to disap- 
pear in a separatrix cycle (portraits 7 and 1 l), which is indicated in Fig. 17 
by the dashed curve L, = f(& ; A,). If the parameters are continued to vary 
in the same way in portraits 13 and 14 the limit cycle will also blow up. 
However, before the limit cycle disappears in a separatrix cycle, one or two 
singular points at infinity appear. So, the portraits with these limit cycles 
may be found in Figs. 20 and 22. 
According to [6] the limit cycle in the portraits 8, 12, 13, and 14 is 
unique and numerical calculations strongly indicate that in all other phase 
portraits of Fig. 18 the system has no limit cycles. Comparing phase 
portrait 6 with phase portraits 1 and 7, we notice that all three relative 
positions of the a-separatrix of PO and the w-separatrix of P2, suggested in 
portrait 6, occur. Comparing phase portrait 12 with phase portraits 11 and 
13 we also may conclude that all three relative positions of the separatrices 
occur. 
Case b. Since the double singular point at infinity P, is at 8 = $c, it 
follows from (18) that A2 = 1: - 1. Besides the singular point P, there is a 
second singular point P4 at 0 = arccot(L, - 21,). It may be noticed that for 
1, - 21, = 0, P3 and P, coincide. It is the second part of Case a which 
should be treated in section b. 
The character of the singular points P3 and P4 is listed in Table XII and 
the (A,, A,) - parameter plane is given in Fig. 19. The phase portraits are 
TABLE XII 
Case d > 0: b 
Point P, Ai-1 1,-21, I, Order 
N 
SN 
SN 
S 
Pwes 
Pwes 
s 
SN 
+ 0 3 
+ -2, + 2 
0 0 4 
0 + + 3 
0 - + 3 
0 - 3 
- 0 3 
- -2, + 2 
Point P, (+&-l)(&-&+l) 
N + 
SN* 0 
S - 
* Higher order point. 
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indicated in Fig. 19 and given in Fig. 20, and their portraits are listed in 
Table XIII. 
It should be noticed that in portraits 4a, 8a, and 12a, P, is a stable first 
order line focus. If the parameters vary in such a way that P1 becomes an 
unstable focus (portraits 3, 7, and ll), exactly one stable limit cycle is 
generated out of P1. Numerical analysis strongly indicates that if the 
parameters are continued to vary in the same way, the limit cycle disap- 
pears in a separatrix cycle (portraits 2, 6, and lo), which is indicated in 
Fig. 19 by the dashed curve rZ1 =f(&). 
0 ,=o 
FIG. 19. Case A > 0: b. 
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TABLE XIV 
Case A > 0: c 
Point P, A;-1 
S + 
SN* 0 
N - 
Point P4 
N I,>O” &>1,(1,-1) 
SN* A,<1 /YI,=1,(1,-1) 
S A,<1 Ai,<I&-1) 
PointP, 1,-l A,-A,(I,+l) A,-I,(&1) 
N + + 
SN* 0 + 
s - + 
SN* + - 0 
s - - 0 
N + - - 
s - - - 
According to [6] the limit cycle in the portraits 3, 7, and 11 is unique. 
Numerical calculations strongly indicate that in all other phase portraits of 
Fig. 20 the system has no limit cycles. Comparing phase portraits lb and 
lc with phase portraits la and 2, we may conclude that all three relative 
positions of the cl-separatrix of P, and the o-separatrix P,, suggested in 
portraits lb, c, occur. 
In the phase portraits 19, 22, 27, 28, and 29, P, is a higher order singular 
point with an elliptic sector. Applying the Poincare transformation x = u/z, 
y = l/z, and the “blow-up” transformation IJ = U, z = wu or u = U, z = WU’, 
it is easy to show that in all portraits, except 28, the separatrix coincide 
with the circle p = 1. 
Case c. There are three different singular points at infinity if 
1:-41,1,+41,+4>0. Apart from P, at 0=$, (18) has a positive and 
a negative root if A2 - 2: + 1 > 0. Besides the point P, there are two 
singular points P4 and P, at 8 = arccot(iL, -I, + $ ,/%) and at 0= 
arccot($L,-+$&) where 1=1:-41,A,+41,+4. The character of 
these points is listed in Table XIV. 
For four different values of I, the (A,, &)-parameter plane is given in 
Fig. 21. The phase portraits are listed in Table XV and in Fig. 22. 
TA
BL
E 
XV
 
Ca
se
d>
O:
c 
Po
rt
ra
it
 
PO
 
P,
 
P,
 
P3
 
P,
 
P,
 
A,
 
I.
-l
 
I,
+1
 
I*
 
+-
4/
Q 
P3
 
&4
(h
fl
) 
&4
(+
1)
 
~,
-.
f(
-L
 4
) 
1 
CP
 
s 
2 
CP
 
s 
3 
CP
 
s 
4 
CP
 
5 
CP
 
N 
6 
CP
 
I 
CP
 
N 
8 
CP
 
s 
9 
CP
 
s 
10
 
CP
 
s 
11
 
CP
 
12
a 
CP
 
N 
12
b 
CP
 
F 
13
 
CP
 
F 
14
 
CP
 
F 
15
a 
CP
 
FF
 
15
b 
CP
 
F 
N 
S 
N 
N 
SN
 
N 
N 
S 
N 
N 
N 
S 
SN
 
N 
N 
S 
S 
N 
N 
N 
SN
 
SN
 
NN
S 
S 
N 
S 
N 
N 
SN
 
N 
N 
S 
N 
N 
N 
S 
SN
 
N 
N 
S 
S 
N 
N 
S 
S 
N 
N 
S 
S 
N 
N 
S 
S 
N 
N 
S 
S 
N 
N 
S 
S 
N 
N 
1%
 
CP
 
N 
S 
S 
N 
N 
0 0 0 0 0 0 0 + + + + + + + + + + + 
- 
+ 
0 
+ 
- 
+ 
+ 
0 
+ 
+ 
+ 0 - 
- 0 
- 
+ 
0 + + + + + + + 
+o
 
+ 
- 
+ 
- 
+ 
- 
+ 0 
- 
- 
+o
 
- 
I 0 + 
CLASSIFICATION OF QUADRATIC SYSTEMS 199 
lo+ 
+ 0 I IO I 
000000000111111111 
++++o I I 
“+I I I I I”+ 
++++a I I 
“+I I I I I”+ “+ ’ 
+ + +++ 
lo+++++++lo+++++++l I I++ 
+++++++++++++++++++++++ 
200 P. DE JAGER 
23 
FIG. 20. Case A >O: b. 
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FIG. 20-Continued 
8 
4 / 
10 
FIG. 21. Case A > 0: c. 
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15ab.c 
2Lob 
FIG. 22. Case A > 0: c. 
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23ab 30 31 
FIG. 22-Continued 
It should be noticed that in portraits 15a, 21a, and 27a, PI is a stable 
first order line focus. If the parameters vary in such a way that P, becomes 
an unstable focus (portraits 14, 20, and 26), exactly one stable limit cycle 
is generated out of P,. Numerical analysis strongly indicates that if the 
parameters are continued to vary in the same way, the limit cycle disap- 
pears in a separatrix cycle (portraits 13, 19, and 25), which is indicated in 
Fig. 21 by the dashed curve 1, = f(1,; A,). 
According to [6] the limit cycle in portraits 14, 20, and 26 is unique. 
Numerical calculations trongly indicate that in all other phase portraits of 
Fig. 22 the system has no limit cycles. 
Comparing phase portrait 12 with phase portraits 11 and 13, we notice 
that all three relative positions of the separatrices, uggested in phase por- 
trait 12, occur. 
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